In this paper, the electric distribution network expansion planning problem (EDNEPP) was solved by a mixed binary integer programming (MBIP) formulation of the network, where the steady-state operation of the network was modelled with non-linear mathematical expressions. The non-linear terms are linearized, using piecewise linearization of the nonlinear expressions, so as to ensure the model computational compatibility with existing commercial optimization solvers. The linearized formulation is verified to ensure its solution optimality and degree of error deviation. The proposed network model formulation considers the alternatives of installation of new transformers of various capacities to reinforce already existing ones at substations of the network, choosing and construction of new substations given feasible locations, re-conductoring of existing feeders in the network, construction of new feeders given various conductor types alternatives, cost lost as a result of power interruption, and changes in the overall network topology. The cost of interruption would contain a cost term called 'cost of goodwill', which was brought into the model formulation, to measure the loss in confidence of consumers to distributors of power as a result of interrupted power supply, which is prevalent in developing nations. Two test systems of 23 and 54 nodes was used in showing the efficiency of the proposed network model formulation.
INTRODUCTION
The alternatives to be considered in planning of an electric power distribution network system can be tasking, owing to the fact that, a wide range of possibilities of configurations that exist in the selection of network facilities. The electric distribution network expansion planning problem (EDNEPP) is to determine the optimal location and capacities of substations, and optimal feeders route paths which would provide electric power to a given set of load demand nodes at the barest minimum cost, with acceptable levels of efficiency and reliability, while fulfilling all the required technical constraints. The EDNEPP has been traditionally solved in two ways [1] : the static approach and the multistage approach. In the static approach, only one planning horizon is considered in the determination of the optimized network facilities to be installed or added to the existing system. The multistage approach involves not only determination of optimal network facilities, but also the ideal time these facilities are to be assimilated into the network system, so as to ensure an overall optimized network cost to cater for the increase at each load demand nodes in the network at the nearest future. In this paper, the static approach was covered, while the multistage approach, was handled by using a pseudodynamic planning approach, where the multistage problem was solved by series of single period problems, consisting of separate planning year horizon. The disadvantage of this approach is that the resulting solution, would not be overall optimal, as current solution for each horizon planning is not influenced by future decision during the optimization process. Several power distribution planning methods or algorithms, have been developed to address the EDNEPP. These methods differ in the degree of accuracy, complexity and application. These methods fall into two categories [2] : Mathematical Programming Methods (Deterministic Algorithms) and the Heuristic Methods (Heuristic-based Algorithms). A significant number of studies have been devoted to the optimisation of distribution systems using the deterministic based algorithms, among which includes:
[3] which proposed a two-stage solution methodology for distribution network planning considering reliability indices, by formulating the problem of optimal expansion of the radial distribution system as a mixed binary integer linear programming (MBILP). The methodology used, improved the network reliability by allocating sectionalized switches and interconnection circuits. [4] proposed a mixed integer linear model formulation for use in the problem of multistage planning of energy distribution systems including distributed generation. A constructive heuristic algorithm (CHA) is proposed in [5] for the EDNEPP. In that work, the binary decision variables of the mixed binary integer non-linear problem (MBINLP) are relaxed making the problem a nonlinear programming (NLP) problem. The NLP problem is solved iteratively to calculate a sensitivity index that is used in the CHA. Finally, a heuristic local improvement phase is used to improve the solution found by the CHA. In their paper [6] titled "A mixed-integer linear programming approach for optimal type, size and allocation of distributed generation in radial distribution systems", the authors formulated the steady-state operation of a radial distribution system, considering different load levels, and the short-circuit capacity of the circuits, using linear expressions. A major contribution of the paper, was in the method proposed in linearizing the power flow constraints of the Non-linear mathematical model, which presents an efficient computational behaviour with conventional MBILP solvers. Other MBILP models are developed in [1, 7 -9]. Each of these determine the optimal locations and capacities of substations and feeder paths of the network. In [10] and [11] a quadratic model is used to model the EDNEPP.
[2] used a dynamic programming approach in simultaneously optimizing both the cost and reliability of the distribution network. Both Non-Iterative and Iterative two-step dynamic programming methods were proposed, for the optimization of the feeder routes and branch conductor sizes. The report in [12] compared two methods of the Long Run Marginal Cost (LRMC) namely the Average Incremental Cost (AIC) and the Marginal Incremental Cost (MIC) methods to determine the LMRC of transmission and distribution expansion/reinforcement of power systems. Some of the Heuristic based techniques that have been used in solving the EDNEPP includes genetic algorithm, which was used in [13 -15] . The genetic based approach, usually involves representation of decision variables of the EDNEPP as chromosomes, after which series of crossover and mutation operations through successive generations are carried out in search for the optimal solution. Another heuristic approach also used is the simulated annealing, which was used in [16] and [17] . This heuristic based technique is derived from the annealing process, which usually involves reduction of the overall network capital cost of the system stepwisely, by removing the most capital cost effective branch, among the available set, as long as the feasible solution arrived at, satisfies the technical constraints and connectivity of the network. Other heuristic methods used are the Ant colony algorithm used in [18] , the Tabusearch algorithm used in [19] and [20] . In [21] Artificial Neural Network (ANN) was used in addressing power quality problems prevalent in power distribution network. In this paper a MBINLP formulation to solve the EDNEPP is introduced. The MBINLP model is linearized using a piecewise linearization of the nonlinear curve function terms, so as to ensure the proposed model formulation's computational compatibility with conventional mixed integer programming optimization solvers. The proposed network model formulation considers the alternatives of construction/repowering of substations of the network given various capacities of transformers to be employed, construction/reconductoring of feeder sections given various conductor types and changes in the overall network topology by minimization of the investments cost, operating network cost, overall network losses and the cost lost as a result of power interruption, while considering the loss in goodwill of customers, as a result of interrupted power supply. This paper is structured as follows: in section2, the list of notational symbols used in the model formulation is presented, in section 3, a MBINLP model for the EDNEPP is introduced; the MBINLP model is also linearized in section 3. The results showing the performance of the proposed formulation is presented in 4. Finally in section 5 conclusion of the results achieved is presented.
LIST OF SYMBOLS
The symbols used throughout this paper are exhibited in this section for quick reference. 
to:
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( ) The objective function (1) comprises of the costs of installing new facilities and expansion of existing facilities. The component costs are due to energy losses, operation of the substations in the network, and losses as a result of power interruption. The first and second parts of the objective function represent the cost of installation of new feeder branches and reconductoring of existing feeder branches respectively. The third part is the fixed cost associated with the network, it involves the cost of constructing new substations (cost of lands, erecting feeder's lines etc ) and the cost of reinforcement of existing substations (the purchase of new transformer capacities to augment existing transformers capacity at a given substation). The fourth, fifth and sixth parts of the objective function involve the costs associated with energy losses, operation of the substations in the network, and losses as a result of power interruption respectively. The function ( , ) ( ( ) ) is used to calculate the present value cost in future terms. The cost incurred as a result of power interruption includes a cost associated with the loss in goodwill of consumers to suppliers of electric power in the network. The model of the distribution network formulated must satisfy constraints (2) -(13). Constraints (2) and (3) represent the conventional power balance at any given node i, which is common to any network model. Constraints (4) set limits on the voltage magnitude across any node. Constraints (5) ensures the selection of only one conductor type for any given feeder branch. Constraints (6), coupled with constraints (2) and (3) are used to ensure a radial operation of the network system as shown in [23] .Constraints (8) and (7) show the relationship between active and reactive power flow in the network and sets a limit on the apparent power flow in the network respectively. Constraints (9) and (10) set a limit on current flow in each feeder branch and shows theohmic relationship between the apparent power flow and current flow. Constraints (11) show the relationship between active and reactive power supply in the network. Constraints (12) are constraints that set limits on the apparent power supply at the substations, as well as serve as a model for the construction/repowering of substations of the network given various types of transformer capacities to choose from. Constraints (13) not a necessary condition for a feasible solution, but a sufficient one, serve to also limit the power flow into a substation of the network, so as not to exceed its capacity.
3.2 Linearization of the non-linear terms of the proposed MBINLP for the EDNEPP In the MBINLP formulation of the power distribution network, there exists non-linear terms (such as the square of the current flow) both in the objective function and in the constraints. These non-linear terms behaves very poorly with commercial mixed integer optimization solvers. In other words for a relatively small problem size, the number of nodes required by the Branch and Bound optimization process coupled with the solution time required by the optimization process could be very large and there exists a possibility of the optimization process never converging. This justifies the use of linearization techniques that would approximate these nonlinear functions.
3.2.1 Linearization of the Square of the Current Flow
here ( ) and ( ) Equation (14) shows that the relationship between the square of current flow and the slope of the discretized nonlinear current flow curve function. Equation (15) shows that the current flow in any branch, is the sum of all discretized variables of the nonlinear current curve function. Equation (16) 
) Equation (17) shows the relationship between the apparent power flow, slope and discretised variables of the nonlinear curve function. Equations (18) and (19) show that the active and reactive power flow is the sum of the discretised variables of the non-linear curve function. Equations (20) and (21) (22) shows the relationship between the apparent power supply, slope and discretised variables of the nonlinear curve function. Equations (23) and (24) show that the active and reactive power supply is the sum of the discretised variables of the non-linear curve function. Equations (25) and (26) (14) - (27) where all non-linear terms are replaced by their linear counter-parts.
TESTS AND RESULTS
The MBNLIP model of the electric power distribution network was implemented in AMPL [24] and solved in L [ ] using a wor station with Intel ® ore ™ i -4500U CPU @ 1.8GHz. The proposed Linearized Model was first verified using a simple test node problem, consisting of 5 nodes. The model was then tested for both static and multistage planning of the network using two test distribution systems of 23 and 54 nodes. The data for the test problems are a modification of the ones used in [16] and [26] respectively and are depicted in Appendix Tables 1, 2, and 3.
Verification of Linearized Model Formulation
The linearized network model, would be verified by using a simple test power distribution planning problem, consisting of 5 nodes (1 substation node and 4 load node) as shown in figure 1. The test problem would be solved both linearly and nonlinearly, so as to estimate the deviations of both model solutions. The non-linear formulation would be solved using the optimization solver KNITRO [27] . The problem is to determine the optimal feeder conductor paths routing from substation S1, while satisfying the technical constraints of the network. The results for the optimization test problem for a 5-year planning horizon, using both the non-linear and the linearized model formulations is given in 
Test case 1: Static Expansion Planning of a 23 Node
Distribution Network The problem of selecting optimal 11kv feeder routing and optimal location for a 10MVA, 23-node distribution system to feed the demands at an oil producing area with 21 load nodes was considered. The circuits can be built using two type of conductors which cost $10000 and $20000 respectively. The permissible voltage drop across any branch is 3%; the cost of energy is$0.1/KWh; the perceived interest rate used was 0.1; loss factor of circuits and substations is 0.35; transformer types used for substation construction are 7.5 and 15 MVA, with a substation fixed costs of $40000 and $70000 for both types of transformers. The customer damage cost and duration of possible outage in the network is 0.0001/hour and 88 hours. The failure rates for conductor types used are 0.2 and 0.1 for type 1 and 2 respectively. A planning horizon of 20 years was considered. Technical characteristics of the conductor type used are shown in Table 2 and the proposed feasible routes are displayed in Figure 2 . The result of the optimization of the static expansion planning of the 10 MVA 11KV 23 node power distribution network is given in the Figure 3 and Table 3 . The Solution of the MBILP problem with a discretization value of 135 (chosen experimentally, as this value preserved the accuracy of the gotten solution) was found after evaluating 104 nodes of the branch and bound algorithm (1595 MIP Simplex Iterations) with a computational time of 2.66 seconds (CPU time) and a total network cost of $343599.The proposed model constructed a single new substation at one of the given set of feasible locations, installing a 7.5MVA transformer at the substation. It also constructed 20 new circuits of conductor type 1 and one circuit branch (1, 10) of conductor type 2, disconnecting 14 feasible circuit paths. The working capacity of the installed transformer was maximum 7.0523MVA for the 20-year planning horizon. Multistage expansion planning of a 54 node distribution network In this Test Case, the expansion planning of a 54 node power distribution system with Nominal voltage of 11KV feeding 50 load nodes, and supplying 70 MVA was considered. The Network has 2 existing substations that can be reinforced and there is also a possibility of the construction of 2 more substations. A planning horizon of years, at years' inter als was considered and each at each time horizon, an increase of 15% at the load demand nodes was assumed. The circuits can be built using same conductor types as test case 1. The permissible voltage drop across any branch is 3%; the cost of energy is $0.1/KWh; the perceived interest rate used was 0.1; loss factor of circuits and substations is 0.35; transformer types used for substation construction are 15 and 30 MVA, with a substation fixed costs of $70000 and $122500, for both types of transformers. and 2 respectively. The feasible routes are displayed in figure 5 . The result of the solution for the optimization of the 54 node dynamic expansion plan for the 54 node distribution network is shown in Figure 6 , Tables 5 and  6 . At the first planning horizon (5years), the proposed model constructed the two substation at the given location, both using transformer type 2 (30 MVA) 25 new circuits was constructed, all of conductor type1. One existing circuit was disconnected, and 3 of the existing circuits, was reconductored to conductor type 2. Both existing substations were working at a capacity of 20.92MVA and 21.62MVA (for Substation1 and substation 2 respectively), while the newly constructed substations were working at a capacity of 19.55MVA and 18.31MVA (for substations 3 and 4 respectively) At the second planning horizon (10 years) the model reconductored 5 existing circuits to that of conductor type2 (making a total of 6 circuits using that conductor type) both existing substations were working at a capacity of 24.37MVA and 25.46MVA (for substation1 and substation2respectively), while the newly constructed substations were working at a capacity of 22.88MVA and 21.57MVA (for substations 3 and 4 respectively) At the third planning horizon (15 years) the model retained same circuit configuration with same conductor types employed except for branch (11 -12) which was reconductored to conductor type 2. Both existing substations were working at a capacity of 28.66MVA and 31.23MVA (for substation 1 and substation 2 respectively), while the newly constructed substations were working at a capacity of 27.51MVA and 26.48MVA (for substations 3 and 4 respectively) At the fourth planning horizon (20 years) the model reinforced substation 3 with a 15 MVA transformer type. The model reconductored 1 existing circuit to that of conductor type 2, making it a total of 10 circuits, using that conductor type. Both existing substations were working at a capacity of 32.51MVA and 34.56MVA (for substations 1 and 2 respectively), while the constructed substations were working at a capacity of 30.69MVA and 29.14MVA (for substations 3 and 4 respectively) 5. CONCLUSIONS A mixed binary linear programming (MBLIP) model for the problem of planning of the electric power distribution network was presented in this paper. This would serve as a very important tool for designers and investors, in the planning of the electric power network system, as real-time decision making policies can be built around this model, so as to obtain an optimized network cost plan throughout the lifespan of the network system. The use of MBLIP formulation has the advantage of nice computational compatibility with conventional mixed integer programming optimization solvers, as well as robust solutions, similar to that of the non-linear formulation with very low error of approximations, which was verified. This model is not only restricted to power distribution network, it can also be employed in transmission and generation network, as this all fall under the category of network models, which this model formulation is suitable for. 
